Abstract. We prove a transcendence result of Hecke operator T (l) over the ring generated by diamond operators over Q in a non-CM component of the cyclotomic ordinary big p-adic Hecke algebra and discuss its conjectural implication of a modulo p version to the vanishing of the cyclotomic µ-invariant.
→ Q p ⊂ C p . Fix a totally real number field F inside Q with integer ring O (as the base field for Hilbert modular forms). We choose and fix an O-ideal N prime to p (as the level of modular form).
Let S k (Np r , ; C) denote the space of (parallel) weight k adelic Hilbert cusp forms of level Np r with Neben character modulo Np r . Thus is the central character of the automorphic representation generated by each Hecke eigenform in the space. We regard as a character of the strict ray class group Cl F (Np ∞ ) = lim ← −m Cl F (Np m ) module Np ∞ . Here (k − 1, 0) and (0, k − 1) are the p-adic Hodge-Tate weight of the Galois representation of f constructed by Taylor [T] and [T1] and BlasiusRogawski [BR] . In most cases, we have a rank 2 motive M (f ) with coefficient in the Hecke field Q(f ) associated to a Hecke eigenform f ∈ S k (N, ; C) (possibly over a quadratic extension of F [BR] ). In such a case, (k − 1, 0) and (0, k − 1) are the Hodge weight of M (f ). More precisely, for each field embedding σ : F → Q, M (f ) ⊗ F,ι∞•σ C has Hodge-Tate weight (k − 1, 0) and (0, k − 1) independent of σ.
Put P = 4 if p = 2 and P = p otherwise. We work with cusp forms in S k (Np r P, ; C) for increasing p-power level (but fixed prime-to-p part N). We have the norm map N : Cl F (Np ∞ ) → Z × p induced by the association: a → |O/a| for ideal a prime to Np. Further projecting down to the maximal torsion-free quotient Γ ∼ = 1 + PZ p of Z × p , we have N : Cl F (Np ∞ ) → Γ. Write Γ = Im( N ). Thus we have an exact sequence of abelian groups:
Since Γ ∼ = Z p , we can split Cl F (Np ∞ ) = ∆×Γ. We fix such a splitting and fix a finite order character δ of ∆. We assume that = δε with ε factoring through N (so our Neben character has a fixed part δ and varying cyclotomic part ε). Thus (a) = δ(a)ε Q ( N (a)) for a character ε Q : Γ → Q × p . We often identify ε and ε Q and regard ε as a character of Γ and at the same time as a character of Cl ∈ GL 2 ( O) with c ∈ Np r P O for sufficiently large r ≥ 0 and a central element z ∈ GL 2 (F A ), we have f (zgα) = (d pN ) (z)f (g) for all g ∈ GL 2 (F A ), where d pN is the projection of d A more detailed description of cusp forms in S k (Np r , ; C) will be recalled in Section 1.1. Hereafter, we work with cusp forms of level Np r P (for r ≥ 0). The Hecke operator T (y) is defined by the usual double coset action (see (1.7)) and hence, for an integral idele y, the yth Fourier coefficient of a Hecke eigenform f is a(y, f ) if f is normalized to have a(1, f ) = 1. The eigenvalue a(y, f ) of T (y) depends only on the ideal y = y O ∩ F (see (1.12)). Indeed, by [HMI, (2.3.20) ], a(y, f ) = u −κ2 p a(y, f ) for u ∈ O × if f has weight (κ 1 , κ 2 ) = (k − 1, 0), and therefore, we get a(y, f ) = a(y, f ) for any y including y O not prime to p because of κ 2 = 0 (the parallel weight condition). So, for example, for each prime l of F , we write a(l, f ) for a( l , f ) for a choice of uniformizer l ∈ O of O l . For l|Np, we write U (l) for T (l). For a Hecke eigenform f ∈ S k (Np r P, ; C) (r ≥ 0) and a subfield K of C, the Hecke field K(f ) inside C is generated over K by the eigenvalues a(l, f ) of f for the Hecke operators T (l) for all prime ideals l and the values of over finite ideles. If K ⊂ Q, then K(f ) is a finite extension of K sitting inside Q.
A p-adic slope 0 analytic family of eigenforms F = {f P |P ∈ Spec(I)(C p )} is indexed by points of Spec(I)(C p ), where I is a torsion-free domain of finite rank over Λ (in this sense, we often call Spec(I) a finite torsion-free covering of Spec(Λ)). For each P ∈ Spec(I), f P is a p-adic modular form of slope 0 of level Np ∞ for a fixed prime to p-level N . The family is called analytic because the formal function P → a(y, f P ) on Spf(I) gives rise to a p-adic analytic function on the rigid analytic space associated to the formal spectrum Spf(I). We write this formal function as a(l) ∈ I. The central action of l gives rise to the diamond operator l ∈ Λ. We call P ∈ Spec(I)(Q p ) arithmetic of weight k ∈ Z with character ε : Γ → µ p ∞ (C p ) if k ≥ 2 and P (1+T −ε(γ)γ k−1 ) = 0 (regarding P as a W -algebra homomorphism P : I → Q p ). If P is arithmetic, f P is known to be a p-stabilized classical Hecke eigenform and has "Neben characters" P = ε P δ for a character ε P factoring through Γ. We write p r(P ) P for the level of ε P in the sense that the classical p-stabilized form f P has (minimal) level Np r(P ) P with r(P ) ≥ 0. If the family contains some classical theta series of the norm form of a CM quadratic extension of F , we say that the family and I have complex multiplication. In order to make the introduction succinct, we put off, to Section 1.1, recalling the theory of analytic families of eigenforms including the definition and necessary properties of CM families. We only remark that each universal slope 0 family comes from an irreducible component Spec(I) of the spectrum Spec(h) of the big (cyclotomic) Hecke algebra h, and we assume now that Spec(I) is one of such irreducible components.
In this paper, we prove as Theorem 3.1 a slightly stronger version of the following theorem.
Theorem I. Let Spec(I) be an irreducible (reduced) component of Spec(h) and K = Q(µ p ∞ ). Then I is a non CM component if and only if there exists a set of primes Ξ of F with Dirichlet density one such that for any infinite set A of arithmetic points in Spec(I) of a fixed weight k ≥ 2, lim sup
is bounded independent of arithmetic P and prime l.
We could have written the assertion of the theorem as lim P ∈A [K(a(l, f P )) : K] = ∞ for the "limit" with respect to the filter of A given by complement of all finite subsets of A instead of lim sup P ∈A [K(a(l, f P )) : K] = ∞. The last assertion for a CM component is well known (see [H11] the proof of (WH) in Section 4). In [H11] (and [H13] ), we proved a similar result for K[a(p, f P )] for p|p. Here the point is to study the same phenomena for a(l, f P ) for l outside Np. We expect that lim sup P ∈A [K(a(l, f P )) : K] = ∞ for any single l Np if I is a non CM component as in the case of p|p (see Conjecture 3.4). As in [H11] , the proof of the above theorem is based on the elementary finiteness of Weil l-numbers of given weight in any extension of Q(µ p ∞ ) of bounded degree up to multiplication by roots of unity and rigidity lemmas (e.g., [H13, Section 4] ) asserting that a geometrically connected formal subscheme in a formal split torus stable under the (central) action t → t z of z in an open subgroup of Z × p is a formal subtorus. Another key tool is the determination by Rajan [R] of compatible systems by trace of Frobenii for primes of positive density (up to character twists).
Infinity growth of the absolute degree of Hecke fields (under different assumptions) was proven in [S] for growing level N , and Serre's analytic method is now generalized to (almost) an optimal form to automorphic representations of classical groups by Shin and Templier [ST] ). Our proof is purely algebraic and the degree is over the infinite cyclotomic field Q[µ p ∞ ] first of all (while the above papers use non-elementary analytic trace formulas and Plancherel measures in representation theory). Our result applies to whatever thin infinite set of slope 0 non CM cusp forms, while in [S] and [ST] , they studied the set of all automorphic representations of given infinity type (and given central character), growing the level. Moreover our emphasis in this paper is actually placed upon transcendence of the Hecke operators over the Q-subalgebra of the ordinary big Hecke algebra we now discuss. This type of results is limited to non-CM components, and therefore it would be a surprise if an (archimedean) analytic method produces such.
To state our transcendence results, let L /F be a finite field extension inside C p with integer ring o, and look into the torus T = Res o/Z G m . Consider a character ν ∈ X * (T ). We assume that ν is rational over Q p ; so, we may regard ν :
. Project ν to the maximal torsion free quotient Γ = 1 + PZ p of Z × p , and regard it as a character ν p :
As an example of ν, we have the norm character N L/Q or, if L is a CM field with a p-adic CM type Φ (in the sense of [HT] 
. To see the structure of the ring R ν in a concrete way, write 
, the ring R ν (resp. R ν ) is isomorphic to the group algebra
If the family (associated to I) contains a theta series of weight k ≥ 2 of the norm form of a quadratic extension M /F , M is a CM field, and all forms indexed by Spec(I) have CM by the same CM field M . As a corollary of Theorem 3.1, we prove Corollary I. Let the notation be as above; in particular, Spec(I) is an irreducible (reduced) component of Spec(h). We regard I ⊂ Q as Λ-algebras and R ν ⊂ Λ ⊂ Q. Assume that ν is not the trivial character. Take a set Σ of prime ideals of F prime to pN. Suppose that Σ has positive density. If
An obvious consequence of the above corollary is
Corollary II. Let the notation be as in the above theorem. Assume that ν = 1. If I is a non-CM component, for a density one subset Ξ of primes of F , the subring
If we take L = F and ν = N F /Q , the diamond operators q is algebraic over R ν ; so, this corollary implies the fact stated in the abstract. Here is a characteristic p-version of the above corollary:
Conjecture. Let the notation be as above. Assume ν = 1, and let I be a reduced irreducible non CM component of Spec(h ⊗ Zp F p ) embedded in an algebraic closure F of F p ((T )) as a Λ-algebra. Then for a density one subset Ξ of primes of F , the subring Q(R ν )[a(l)] of F for all l ∈ Ξ has transcendental degree 1 over Q(R ν ), where a(l) is the image of T (l) in I.
This conjecture has some importance as it implies vanishing of the Iwasawa µ-invariant of the Deligne-Ribet p-adic L-function in the following way. We have a normalized p-adic norm || · || p on Λ given by || ∞ n=0 a n T n || p = Sup n (|a n | p ) form the p-adic norm |·| p of Z p with |p| p = 1 p . We can extend this norm to the algebraic closure Q of Q = Q(Λ). Then we put v : Q → Q ∪ {∞} for the additive valuation associated to || · || p . We fix an embedding
(the subring of Q p generated by the values of χ). Take ν = N F /Q and L = F . Then for a prime l with l h = (α), we put [NMD, §7.6 Theorem 4]) and T 0 for the diagonal torus of G; so,
I by component-wise linear fractional transformation. Write Z for the connected component of (C \ R)
. Writing I for the set of all embeddings of F into Q and regarding Z[I] as the character group of
As in the introduction, we identify I for σ∈I σ, and hence I ∈ X * (T ) corresponds the norm character N F /Q :
We use the notation defined in the introduction. In particular :
Hecke character of infinity type 2I − kI whose conductor is a factor of the level Np α . For a while, we do not assume that the level ideal N is prime to p. 
where O = O ⊗ Z Z and Z = Z . Then we introduce the following semi-group
we have (e.g. [MFG, §3.1.6] and [PAF, Section 5 .1])
Assume that N is prime to p hereafter. In this section, the group U is assumed to be a subgroup
) under convolution product (see [IAT, Chapter 3] or [MFG, §3.1.6] ). The algebra is commutative and is isomorphic to the polynomial ring over the group algebra Z[U 0 (Np α )/U ] with variables {T (q), T (q, q)} q indexed by primes q, T (q) corresponding to the double coset U q 0 0 1 U and T (q, q) (for primes q Np α ) corresponding to
naturally acts on the space of modular forms on U whose definition we now recall.
We associate with 0 < k ∈ Z a factor of automorphy:
We define S k (U, ; C) by the space of functions f : 
It is easy to check (e.g. [MFG, §3.1.5] ) that the function f x in (S2) satisfies the classical automorphy condition:
where
. Also by (S3), f x is rapidly decreasing towards all cusps of Γ x (e.g. [MFG, (3.22 )]); so, it is a cusp form.
Let U be the unipotent algebraic subgroup of GL (2) 
utU for finitely many u and t (see [IAT, Chapter 3] or [MFG, §3.1.6] ) and define
We check that this operator preserves the spaces of automorphic forms: G k (N, ; C) and S k (N, ; C), and depends only on U yU not the choice of y as long as y ∈ D 0 . Since it does not depend on the choice of q , we write T (q) for
. By linearity, the action of double cosets extends to the ring action of the double coset ring R(U, ∆ 0 (Np α )).
To introduce rationality of modular forms, we recall Fourier expansion of adelic modular forms (cf. [H96, ). Recall the embedding ι ∞ : Q → C, and identify Q with the image of ι ∞ . Recall also the differental idele
Each member f of S k (U, ; C) has its Fourier expansion:
We can interpret S k (U, ; A) as the space of A-rational global sections of a line bundle of a variety defined over A; so, we have, by the flat base-change theorem (e.g. [GME, Lemma 1.10.2]),
The Hecke operators preserve A-rational modular forms (e.g., [PAF, §4.2.9] ). We define the Hecke algebra h k (U, ; A) ⊂ End A (S k (U, ; A)) by the A-subalgebra generated by the Hecke operators of
For any Q p -algebras A, we define
By linearity, y → a(y, f ) extends to a function on [HMI, (2.3.20 
as 1 in [HMI, (2.3.20) ] is trivial. Thus a(y, f ) only depends on the ideal y = y O ∩ F ; so, we also write a(y, f ) for a(y, f ). Let N :
A ; so, the character given by N (y) = y 
We now define for any p-adically
These spaces have geometric meaning as the space of A-integral global sections of a line bundle defined over the Hilbert modular variety of level U (see [PAF, Section 4.2.6] ), and the q-expansion above for a fixed y = y (∞) gives rise to the geometric q-expansion at the infinity cusp of the classical modular form f x for x = y 0 0 1 (see [H91, (1.5) ] and [PAF, (4.63) ]). We write T (y) for the Hecke operator acting on S k (U, ; A) corresponding to the double coset U y 0 0 1 U for an integral idele y. We define q = N (q)[U q U ] for q N. We have the following formula of the action of T (q) and T (q, q) (e.g., [PAF, Section 4.2 .10]):
Thus T ( q ) = U (q) when q is a factor of the level of U (even when q|p; see [PAF, ). If k ≥ 1, T (q) and q preserve the space S k (U, ; A) under this condition (see [PAF, Theorem 4.28] ). We define the Hecke algebra h k (U, ; A) (resp. h k (N, ; A)) with coefficients in A by the A-subalgebra of the A-linear endomorphism algebra End A (S k (U, ; A)) (resp. End A (S k (N, ; A))) generated by the action of the finite group U 0 (Np α )/U , T (q) and q for all q.
We have canonical projections:
for all α ≥ β taking U α δU α to U β δU β , which are compatible with inclusions
Thus sending h ∈ h k (U α , δ; A) to h| Sk(Uβ, ;A) ∈ h k (U β , δ; A), for a fixed k, we get a projective system of Hecke algebras {h k (U α , δ; A)} α , whose projective limit (when k ≥ 2) gives rise to the universal Hecke algebra h k (N, δ; A) for a complete p-adic algebra A. The maximal direct summand of h k (N, δ; A) in which U (p) is invertible is called the ordinary part, which we write as h ord k (N, δ; A).
The ordinary part h ord k (N, δ; A) is known to be independent of k (as long as k ≥ 2; see [H88, Theorem I] 
, where we assumed that N is prime to p. If A is a complete p-adic valuation ring, then h ord κ (N, δ; A) is a torsion-free Λ A -algebra of finite rank and can be proven to be Λ A -free if N is sufficiently deep (by the method in [PAF, §4.2.12] ). Take a point P ∈ Spec(Λ)(A) = Hom ALG /A (Γ, A × ). We call P arithmetic if it kills (1 +T −ε P (γ)γ k(P )−1 ) for some 2 ≤ k(P ) ∈ Z and a finite order character ε P : Γ → µ p ∞ (A). If P is arithmetic, P = δε P N k . As long as P is arithmetic, we have a canonical specialization morphism:
which is an isogeny (surjective and of finite kernel; see [H88, Theorem II] for v = 0) and is an isomorphism if h ord κ is Λ A -free. Here r(P ) is the minimal non-negative integer such that the pconductor of P contains p r(P ) P. The specialization morphism takes the generators T (y) to T (y).
1.2. Analytic families of Hecke eigenforms and their Galois representations. We write |α| p for the p-adic absolute value (with |p| p = 1/p) induced by ι p . We also fix an identification C p ∼ = C inducing the inclusion ι ∞ : Q ⊂ C. As a base ring A, we take a (sufficiently large) discrete valuation ring W ⊂ Q p finite flat over the p-adic integer ring Z p . By construction described in the previous subsections, we have the algebra h ord = h ord (N, δ; W ) characterized by the following two properties:
(C1) h ord is torsion-free of finite rank over Λ W equipped with T (l) ∈ h ord for all primes l, (C2) if k(P ) ≥ 2 and P is an arithmetic point of Spec(Λ W ), we have an onto W -algebra homomorphism: h ord /P h ord → h ord k(P ) (Np r(P ) P, P ; W ) with finite kernel sending T (l) to T (l).
Let Spec(I) be a reduced irreducible component Spec(I) ⊂ Spec(h ord ). Write a(l) for the image of T (l) in I. If P is arithmetic, by (C2), we have a Hecke eigenform f P ∈ S k(P ) (U 0 (Np r(P ) P), P ; Q p ) such that its eigenvalue for T (l) is given by a P (l) := P (a(l)) ∈ Q p for all l. Thus I gives rise to a family F = {f P |arithemtic P ∈ Spec(I)} of Hecke eigenforms. We define a p-adic analytic family of p-slope 0 (with coefficients in I) to be the family of Hecke eigenforms associated to an irreducible component Spec(I) ⊂ Spec(h ord ). This family has p-slope 0 because |a P ( )| p = 1 (it is also often called an ordinary family). Taking a finite covering Spec( I) of Spec(I) with surjection Spec( I)(Q p ) Spec(I)(Q p ), abusing slightly the definition, we may regard the family F as being indexed by arithmetic points of Spec( I)(Q p ), where arithmetic points of Spec( I)(Q p ) are made up of the points above arithmetic points of Spec(I)(Q p ). The choice of I is often the normalization of I or the integral closure of I in a finite extension of the quotient field of I.
Each (reduced) irreducible component Spec(I) ⊂ Spec(h ord ) has a 2-dimensional semi-simple (actually absolutely irreducible) continuous representation ρ I of Gal(Q/F ) with coefficients in the quotient field of I (see [W] or [H89] ). The representation ρ I restricted to the p-decomposition group D p is reducible (see [HMI, §2.3.8] ). Define the p-adic avatar : (F
. We write ρ ss I for its semi-simplification over D p . As is well known now (e.g., [HMI, §2.3.8] ), ρ I is unramified outside Np and satisfies (Gal) Tr(ρ I (F rob l )) = a(l) for all prime l pN,
is the local Artin symbol for a prime p|p and p is a prime element of O p . By (Gal) and Chebotarev density, Tr(ρ I ) has values in I; so, for any integral closed subscheme Spec(J) ⊂ Spec(I) with projection π : I → J, π • Tr(ρ I ) : Gal(Q/F ) → J gives rise to a pseudorepresentation of Wiles (e.g., [MFG, Section 2.2] ). Then by a theorem of Wiles, we can make a unique 2-dimensional semi-simple continuous representation ρ J : Gal(Q/F ) → GL 2 (Q(J)) unramified outside Np with Tr(ρ J (F rob l )) = π(a(l)) for all primes l outside Np, where Q(J) is the quotient field of J. If Spec(J) is one point P ∈ Spec(I)(Q p ), we write ρ P for ρ J . This is the Galois representation associated to the Hecke eigenform f P (given in [H89] ). Then the above condition (Loc) implies, for all prime factors p|p
for each arithmetic point P .
1.3. CM theta series. Following the description in [H06, §6.2], we construct CM theta series with p-slope 0 and describe the CM component which gives rise to such theta series. We recall a cusp form f on GL 2 (F A ) with complex multiplication by a CM field M top down without much proof. Let M/F be a CM field with integer ring O and choose a CM type Φ:
for complex conjugation c. To assure the p-slope 0 condition, we need to assume that the CM type Φ is p-ordinary, that is, the set Φ p of p-adic places induced by ι p • σ for σ ∈ Φ is disjoint from those induced by an element of Φc (its conjugate by the generator c of Gal(M/F )). The existence of such a p-ordinary CM type implies that all prime factors of the prime p in F split in M/F . Thus I = Φ p Φ c p . This implies that p = PP c in O for two primes P = P c with P ∈ Φ p . We then choose a Hecke character λ of conductor C = C(λ) outside Φ c p such that
We also decompose C = L L e(L) for prime ideals L of M . We extend λ to a p-adic idele character
. By class field theory, we may regard λ as a character of Gal(F /M ). By the condition k > 1, λ cannot be of the form λ = φ • N M/F for an idele
We define a function {fractional ideals} a → a(a, θ(λ)) supported by integral ideals by
where A runs over integral ideals of M outside Φ p and C with norm equal to a. The q-expansion determined by the coefficients a(y, θ(λ)) gives a unique element θ(λ) ∈ S k (N, 1.4. CM-components. We fix a Hecke character λ of weight k − 1 as in the previous subsection, and we continue to use the symbols defined above. We may regard the Galois character λ as a character of Cl M (C (p) S ∞ ), where we have written
for the ray class group Cl M (CS n ) of M modulo CS n . We put λ 0 (x) = exp p ( 1 k−1 log p ( λ(x))) for the Iwasawa logarithm log p and the p-adic exponential map exp p . Then λ 0 is the p-adic avatar of a Hecke character of weight 1 defined modulo CS e for some e ≥ 0. We have canonical identities:
This induces a commutative diagram
p is isomorphic to Z p as a topological group, and Φ (x) = σ∈Φ σ(x)) ∈ Γ. Since Γ M is Z p -free of rank 1, we decompose Cl 
is of the form ϕ P for a Hecke character ϕ P whose infinity type is (1 − k(P ))Φ. Assume that λ has values in W × (enlarging W if necessary). We then consider the product λυ : 
, which is a torsion-free finite Λ W -algebra. We have a surjective projection π λ :
In the same manner as in [HMI, Proposition 3 .78], we can prove the following facts: Proposition 1.1. Let the notetaion be as above. Then for the reduced part (h ord ) red of h ord and each arithmetic point P ∈ Spec(Λ)(Q p ), Spec((h ord ) red P ) isétale finite over Spec(Λ P ). In particular, no irreducible components cross each other at a point above arithmetic point of Spec(Λ).
A component I is called a CM component if there exists a nontrivial character χ : Gal(Q/F ) → I × such that ρ I ∼ = ρ I ⊗ χ. We also say that I has complex multiplication if I is a CM component. In this case, we call the corresponding family F a CM family (or we say F has complex multiplication). It is known by deformation theory of Galois characters (cf. [H11, Section 4] ) that any CM component is given by Spec(I M ) as above for a specific choice of λ.
If F is a CM family associated to I with ρ I ∼ = ρ I ⊗ χ, then χ is a quadratic character of Gal(Q/F ) which cuts out an imaginary quadratic field M , i.e., χ = M/F . Write I for the integral closure of Λ inside the quotient field of I. By Proposition 1.1, we can verify the equivalence of the following three conditions in the same manner as in [H11, Section 1]:
(CM2) For all arithmetic P of Spec(I)(Q p ), f P is a binary theta series of the norm form of M/F ; (CM3) For some arithmetic P of Spec(I)(Q p ), f P is a binary theta series of the norm form of M/F . We call a binary theta series of the norm form of a CM quadratic extension of F a CM theta series.
Weil numbers
Since Q sits inside C, it has "the" complex conjugation c. For a prime l, a Weil l-number α ∈ Q of integer weight k ≥ 0 is defined by the following two properties:
(1) α is an algebraic integer; (2) |α σ | = l k/2 for all σ ∈ Gal(Q/F ) for the complex archimedean absolute value | · |.
Note that Q(α) is in a CM field finite over Q (e.g., [Ho, Proposition 4] ), and the Weil number is realized by the Frobenius eigenvalue of a CM abelian variety over a finite field of characteristic l. We call two nonzero numbers a, b ∈ Q equivalent (written as a ∼ b) if a/b is a root of unity.
Lemma 2.1. Let K be a finite field extension of Q(µ p ∞ ) inside Q. Then for a given prime l and weight k ≥ 0, there are only finitely many Weil l-numbers of weight k in K up to equivalence. If K = Q(µ p ∞ ) and there is only one prime in
, where l * = (−1) (l−1)/2 l if l is odd, and l * = 2 if l = 2.
We recall the proof of this lemma given in [H11, Section 2], as this is essential in the proof of a stronger version Corollary 2.2 here than [H11, Corollary 2.5].
Proof. The decomposition group of each prime l is of finite index in Gal(
p by the p-adic cyclotomic character, the decomposition group is generated by l if l = p, and otherwise l = p, p is fully ramified in Q[µ p ∞ ]); so, there are only finitely many primes L of Z[µ p ∞ ] above (l). Thus for a Weil l-number α of weight k, there are only finitely many possibilities of prime factorization of (α) if l = p. If (α) = (β) for two Weil l-numbers α, β, then α/β is a Weil number of weight 0; so, α ∼ β by Kronecker's theorem. If there is only one prime over
be a complete set of representatives of Weil l-numbers in Q(µ p ∞ ) (resp. in K) of weight k under the equivalence. By the above argument, W (l, k) is a finite set, and we want to prove that
. Write L for the field generated by elements in W (l, dk). Then L/Q is a finite abelian extension in Q(µ p ∞ ). Since no prime completely splits in Q(µ p ∞ ), the decomposition subgroup D of l in Gal(K/Q) is an open subgroup of finite index. Thus there are only finitely many valuations v of K with v(l) = 1. Valuations v with v(l) = 1 are said "normalized". Let V be the set of normalized valuations v of K, which is a finite set. For v ∈ V and
, which is a finite set. We have a map ord l :
, then α/β is an algebraic integer with complex absolute value |(α/β) σ | = 1 for all σ ∈ Gal(Q/Q); so, by Kronecker's theorem, α ∼ β. Thus ord l is an injection, proving the finiteness of W K (l, k).
We say that Weil numbers α and β are p-equivalent if α/β ∈ µ p ∞ (Q). Here is an improvement of [H11, Corollary 2.5] removing the tame ramification assumption: For each prime l = p, this corollary removes the l-tamely ramified-ness assumption made in a similar statement in [H11, Proposition 2.4 
The tame ramification index for each prime l|l of K is a factor of the prime to l-part M of m. Let K be the degree M Kummer extension
Here n is an integer prime to l such that for any L ∈ K gal m , the residual field of any prime over l in L is contained in
is a Galois extension of K whose degree is a factor of m.
We claim that for any prime
is an l-group). By our choice of n, there is no non-trivial residual extension at l of L/K ; so, we have l = ( L|l L) e(l) for primes L of L over a prime l in K with l|l. Then L has residual degree 1 over l and e(l) is a power of l (i.e., L wildly ramifies over l). To prove this, we fix an embedding i : K → Q l and write l for the induced prime of K ; so, l = {x ∈ K : |i(x)| l < 1}. Let I := I l be the inertia group in D := Gal(Q l /Q l ) and I w be the wild inertia subgroup of I l . All these subgroups are closed normal subgroups of D by definition. As is well known, the tame quotient I t = I/I w is canonically isomorphic to Z (l) (1) (e.g., [MFG, §3.2.5] ). Here Z (l) = lim ← −l n µ n as D-modules. Write M I t for the unique open subgroup of I t of index M . Since K /K has the tame l-ramification index M , the image of I t in Gal(K l /K l ) is isomorphic to I t /M I t and the image of 
There would be infinitely many isomorphism classes of the factors M j ⊂ Q l as K -algebras if we vary pairs (α, β), but all pairs of Weil l-numbers of weight k has ν l (α) in E l which is independent of the choice of M j up to ambiguity of permutations of indices j = 1, 2, . . . , g 2 . In other words, the K l -algebra structure of M j (as K -algebras) has some ambiguity of indexing, but the choices are up to permutations of g 2 -factors; so, the size |E l | is independent of the choice. Applying the argument in the proof of Lemma 2.1 to g 2 -copies of K /Q[µ p ∞ ], we find that E l is a finite set.
For each V -tuple g = (g l ) l made up of factors of d, we put
m is a root of unity; so, α ∼ β. Since there are finitely many possibilities of ν(α) = (ν l (α)) l and g, in L∈K L, we have only finitely many Weil l-numbers of weight k up to roots of unity, and we get the desired result from the following lemma.
Lemma 2.3. For a given finite group G, let K G be the set of all Galois extensions of
This is Lemma 2.6 in [H11] . In [H11] , this lemma is proven for the subset K t ? ⊂ K ? made of extensions L/K in which l ramifies tamely. However the statement is nothing to do with the tameness of l, and the argument proving Lemma 2.6 in [H11] does not use the tameness assumption.
Let L /F be a finite field extension inside C p with integer ring o as in the introduction. Recall T = Res o/Z G m (in the sense of [NMD, §7.6 Theorem 4] ) and a Q p -rational character 1 = ν ∈ X * (T ) in the introduction. Define an integral domain R = R ν by the subalgebra of Λ generated over
Proposition 2.4. Let I be a finite normal extension of Λ containing R = R ν as above inside Q. Let A ⊂ I be an R-subalgebra of finite type whose quotient field Q(A) is a finite extension of the quotient field Q(R) of R. Regarding an arithmetic point P ∈ Spec(I) as an algebra homomorphism P : I → Q p , write A P (resp. R P ) for the composite of the image P (A) (resp. P (R)) with Q(µ p ∞ ) inside Q p . Then there exists a finite (exceptional) set E of arithmetic points of Spec(I)(Q p ) such that there are finitely many Weil l-numbers of a given weight in P ∈E A P ⊂ Q up to p-power roots of unity, where P runs over all arithmetic points of Spec(I) outside E.
Proof. We may assume that A = R[a] (i.e., A is generated over R by a single element a). The generator a ∈ A satisfies an equation f(x) = a 0 x n + a 1 x n−1 + · · · + a n ∈ R [x] . There are at most finitely many arithmetic points P such that P (a 0 ) = 0. Indeed, taking the norm N (a 0 ) to Λ, by Weierstrass preparation theorem (e.g., [ICF, Theorem 7.3]) , there are only finitely many zeros of N (a 0 ) in Spec(Λ)(Q p ). Thus as long as P (a 0 ) = 0, we have [A P : R P ] ≤ n. We define E to be the set of arithmetic points P with P (a 0 ) = 0. For each α ∈ L × prime to p, write α = exp p (log p (α)).
Then we have γ log p (α)/ log p (γ) = α , and α = ζ α α for a root of unity with bounded order N independent of α. Indeed, N is the order of the maximal finite multiplicative subgroup of the closure L of L inside Q p . Since L/Q p is a finite extension, N is finite. If P (t) = ζ P γ k−1 for an integer k, we have P (t log p (α)/ log p (γ) ) = ζ P,α ζ α α k−1 for ζ P,α = ζ
is bounded independently by d := nB for almost all arithmetic P . Then we can apply Corollary 2.2 and get the desired result.
Theorems and conjectures
Hereafter,
This implies that weight is fixed but the Neben character P is a variable. Let f ∈ S k (Np r P, ; W ) be a Hecke eigenform normalized so that f |T (y) = a(y, f )f for all n. For prime l = p, we write
, where f l is the degree of the field O/l over the prime field. If l|N, we put β l = 0 and define α l ∈ Q by f |U (l) = α l f . Then the Hecke polynomial
−s after replacing X by |O/l| −s = N (l) −s and inverting the factor. Here n runs over all integral ideals of F . Let F = {f P } P ∈Spec(I)(Cp) be a p-adic analytic family of p-ordinary Hecke eigen cusp forms of p-slope 0. The function P → a(y, f P ) is a function on Spec(I) in the structure sheaf I; so, it is a formal (and analytic) function of P . We write α l,P , β l,P for α l , β l for f P . We write α p,P for a(p, f P ). In particular, the field Q[µ Np ∞ ][α p,P ] is independent of the choice of . By a result of Blasius [B] , α l,P is a Weil l-number of weight (k − 1)f l for f l given by |O/l| = l fl . We state the horizontal theorem in a form slightly stronger than Theorem I in the introduction:
Theorem 3.1. Let Σ be a subset of primes of F with positive density outside pN. If there exists an infinite set A l ⊂ Spec(I)(Q p ) of arithmetic points P with fixed weight k l ≥ 2 for each l ∈ Σ such that [K(α l,P ) : K] ≤ B l for K = Q(µ p ∞ ) with a bound B l (possibly dependent on l) for all P ∈ A l , then I has complex multiplication.
We prove this theorem in Section 5. Let R ν be as in Proposition 2.4 for a number field L. Take a valuation ring W finite over Z (p) dense in W . We write R W,ν for the W-span of R ν inside Λ W . Let A W,l be the W-span of A l . Thus we have the following result which implies Corollary I: Corollary 3.2. Let the notation be as in Proposition 2.4 and in the above theorem. Let Σ be a set of primes of F with positive density. Let Spec(I) be a reduced irreducible component of Spec(h), and assume that I is a finite extension of Λ inside Q. If there exists a pair (L, ν) of a finite extension L /F and a Q p -rational character 1 = ν ∈ X * (T ) such that the ring R ν [a(l)] generated over R ν by a(l) inside Q has quotient field Q(R ν [a(l)]) finite over the quotient field Q(R ν ) for all l ∈ Σ, then I has complex multiplication.
Proof. By Proposition 2.4 applied to A l = R ν [a(l)], the assumption of the theorem is satisfied. Therefore, the above theorem tells us that I has CM.
This corollary implies
Corollary 3.3. Suppose that I is a non CM component. Let (L, ν = 1) be a pair of finite extension of F and a non-trivial character ν of T rational over Q p . Then, for a density one set of primes Ξ of F outside pN, the ring R ν [a(l)] ⊂ Q for each l ∈ Ξ generated over R ν ⊂ Q by a(l) inside Q has quotient field of transcendental degree one over the quotient field of R W,ν in Q.
Note that all diamond operators in I is algebraic over R ν taking L = F and ν to be the norm map N F /Q .
Proof. Let Ξ be the set of primes l of F made up of l with a(l) transcendental over R W,ν (as a(l) ∈ W : non-constancy). Let Σ be the complement of Ξ outside pN. If Σ has positive density, by Corollary 3.2, I has complex multiplication by a subfield of L, a contradiction. Thus Σ has density 0, and hence Ξ has density 1.
By Theorem 3.1, the following conjecture holds for primes l in a set of density one:
Conjecture 3.4. Let l be a prime outside pN and A be an infinite set of arithmetic points of Spec(I). Write H (l) A (F ) for the field generated over K := Q(µ p ∞ ) by {α l,P } P ∈A . Then H (l) A (F ) is a finite extension of K if and only if for an arithmetic P with k(P ) ≥ 1, either f P is a CM theta series or the automorphic representation generated by f P is square-integrable at l.
By the argument given after Conjecture 3.4 in [H11] , one can show [H
is square-integrable at a prime l p (so, l|N) for one arithmetic P 0 .
Frobenius eigenvalue formula
We prove a formula of the eigenvalues of ρ I (F rob l ) assuming [K(α l,P ) : K] is bounded for infinitely many arithmetic points P . Recall the quotient field Q of Λ and its algebraic closure Q fixed in the introduction. We embed I into Q and regard it as a subring of Q. We introduce one more notation:
(A) If p is a prime factor of p, let A p be the image of U (p) in I, and for a prime l Np, fix a root A l in Q of det(T − ρ I (F rob l )) = 0. Replacing I by its finite extension, we assume that A ∈ I. Recall A P = P (A). Take and fix p n -th root t 1/p
Proposition 4.1 (Frobenius eigenvalue formula). Let the notation and the assumption be as in (A), and write K := Q(µ p ∞ ) and L l,P = K(A l,P ) for each arithmetic point P with k(P ) = k ≥ 2. Fix a prime ideal l as in (A). Suppose the there exists an infinite set A of arithmetic points of weight k ≥ 2 of Spec(I) such that (B l ) if l ∈ Σ, L l,P /K is a finite extension of bounded degree independently of P ∈ A.
The number s will be made explicit in the proof (as in [H11] ), and we find s = 0.
Proof. Write A = A l . By Proposition 2.4, we have only a finite number of Weil l-numbers of weight kf l in P ∈A L P up to multiplication by roots of unity, and hence, replacing A by its subset of infinite cardinality, we may assume that A P for P ∈ A hits one of such Weil l-number α of weight kf l infinitely many times, up to roots of unity, since the automorphic representation generated by f P is not Steinberg because l N.
, we have translation automorphism τ P of the formal scheme Spf(I) sending point Q to Q·P (product in the group G m ). By making a variable change t → P 1 ·t = t•τ P1 , we may assume that P 1 = (t − 1) (the identity of G m ), and A ⊂ µ p ∞ (K), where µ p ∞ (Q p ) ⊂ G m with t = 1 + T . In down to earth terms, the variable change t → P 1 · t is the variable change T → Y = γ 1−k t − 1, and we have
. In this proof, we regard power series Ψ of T (resp. Y ) as a function of t (resp. y = 1 + Y ); so, we write Ψ(ζ) for Ψ| T =ζ−1 . By this variable change, A is brought into an infinite subset Ω of µ p ∞ (Q p ) ⊂ G m made up of ζ ∈ Ω such that Φ(ζ) ∈ µ p ∞ (K) is an infinite set. Then Φ satisfies the assumption of Lemma 5.1 of [H11] , and by the lemma, for a root of unity ζ, we have A(y) = ζαy s1 for s 1 ∈ Z p , and A(t) = ζαγ
(1−k)s1 t s1 . Let t = ζ γ k −1 for ζ ∈ µ p ∞ (K). The prime (t − ζ γ k ) ∈ Spec(I)(Q p ) has weight k . Then A(ζ γ k −1 ) = ζα(ζ γ −k+k ) s1 . Take the ratio of A(γ k −1 ) and A(γ k −2 ) (k > 2), and we get
which is an algebraic number α 1 independent of k . Note that for k > 2, α 1 = β/β for Weil l-numbers β and β of different weight. Note here |β| p = |β | p = 1, and hence α 1 is not a root of unity. In particular, we have s 1 = log p (α1) log p (γ) = 0. This shows A(t) = ct s1 for s 1 = log p (α 1 )/ log p (γ).
We thus need to show A ∈ W [µ p n ][ [T ] ][(1 + T )
1/p
n ] for sufficient large n, and then the result follows from the above argument. Again we make the variable change T → Y we have already done. Replacing A by α −1 A for a suitable Weil l-number α of weight k (up to µ p ∞ (Q p )), we may assume that there exists an infinite set A 0 ⊂ Spec(I)(Q p ) such that P ∩ Λ = (1 + Y − ζ P ) for ζ P ∈ µ p ∞ (Q p ) and A P ∈ µ p ∞ (Q p ) for all P ∈ A 0 . By another variable change (1 + Y ) → ζ(1 + Y ) for a suitable ζ ∈ µ p ∞ (Q p ), we may further assume that we have P 0 ∈ A 0 with ζ P0 = 1 and A P0 = 1 (specifying α well in α · µ p ∞ (Q p )). We now write K for the subalgebra of I topologically generated by In other words, for the integral closed formal subscheme Z s ⊂ G m × G m defined by Φ(y s , t s ) = 0, we have A 0 ⊂ Z ∩ Z s if s ∈ U . Since Z and Z s are finite flat over Λ and A 0 is an infinite set, we conclude Z = Z s . Thus Z ⊂ G m × G m is stable under the diagonal action (y, t ) → (y s , t s ) for s ∈ U . We may assume that U = 1 + p r Z p for r > 0. Since Z is flat of relative dimension 1 over W , replacing W by its finite extension if necessary, we find in Z a W -point (y 0 , t 0 ) ∈ G 
